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The experimentally observed D, (disordered hexagonal)—four sublattice P321 and D,,—two sub-
lattice P2,/a phase transitions in columnar liquid crystals are treated in a unified manner by means of
the Laudau theory of phase transitions. They can be understood as a trigger first order phase transition
associated with two coupled irreducible representations in an asymmetric model. Details of the symmetry
analysis are also given.
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1. INTRODUCTION

The polymorphism of columnar liquid crystals and the vast number of various phase
transitions among them were widely recognized in the last decade. For some discotic
mesogens (e.g. HAT materials), the higher temperature phase is disordered hex-
agonal (D,,). Two of the experimentally observed lower temperature phases from
this D,, phase through a phase transition are a 2 sublattice P2,/a phase!* and a 4
sublattice P321 phase® depending on the materials. Both of these transitions are
first order and the symmetry groups of the lower temperature phases (P2,/a and
P321) can not be simply associated with only one irreducible representation of the
higher temperature symmetry group (P6/mmm). This is different from the usual
second order phase transition according to Landau theory.* A model associated
with two irreducible representations was then suggested by the present authors® to
explain the D,-D, (i.e., D, P6/mmm — 2 sublattice P2,/a) phase transition and
its first order property. In this paper, a similar technique is invoked to investigate
the D,, — 4 sublattice P321 phase transition which has not been discussed yet.
Comparing with our previous work,’ instead of a primitive derivation we directly
generalize Gufan and Larin’s results® to determine the required conditions that the
phenomenological coefficients should be satisfied. In such a way, the D,, — 2
sublattice P2,/a phase transition is also reconsidered, and the conclusions are more
complete. We classify both of these transitions as a trigger first order phase tran-
sition in the sense of Gufan and Larin. In Section 2, we give a brief review of the
asymmetric model for the systems associated with two one-dimensional irreducible
representations and the main conclusions given by Gufan and Larin; details of the
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symmetry analysis and a generalization of the two one-dimensional irreducible
representations to two multi-dimensional irreducible representations are presented
in Section 3; and a brief discussion is finally given in Section 4.

2. ASYMMETRIC MODEL

Phenomenological models applicable to the description of the phase transitions
associated with two one-dimensional (1-D)irreducible representations (IR) have
been investigated by several authors (e.g. Gufan and Larin®) within the framework
of Landau theory. A review of this subject is now available in Tolédand’s book.’
For our purpose, we will only consider their asymmetric models.®’ The results can
be easily used to discuss P6/mmm-P321 (D}, — D3) and P6/mmm-P2,/a (D}, —
C3,) phase transitions in columnar liquid crystals, so that these transitions can be
treated in a unified manner. According to Gufan and Larin,® the free energy may
be expanded as a power series of the two order parameters and in their asymmetric
model is

1 1 1 1 1
— 2 L T hat 4 26 4 D g2 4 D predA o D262
F m +4b'r| + = wn +2r§ +4b§+2cn§. (N

1
2 6

In Equation 1, iy and £ transform according to two different 1-D IRs of the symmetry
group for the original high temperature phase (O phase); also r, 7', b, b’, ¢, and
w are phenomenological coefficients which are functions of the temperature T and
pressure P. If no other higher order terms beyond Equation 1 need to be added
to the free energy, one may assume a linear dependence of r, r', and c on T and
P.! The possibility of the existence of a stable phase according to Equation 1 requires
a positive definite condition of F for large £ and . This can only be guaranteed
when both w and b’ are greater than zero. Three kinds of low temperature ordered
phases can then be obtained by minimizing F with respect to § and m, corresponding
to phase I (m # 0, £ = 0), phase Il (q = 0, £ # 0), and phase IIl (q # 0, £ #
0). In some temperature and pressure range, a large value of the primary order
parameter v will bring about an instability with respect to § and give rise to the
direct O-1II phase transition, through a first order transition line in the r — #/
plane. This has been called a trigger first order transition in Reference 6. It only
appears in the first quadrant of the » — 7’ plane when ¢ < —-V/|blb’ (remember
b" > 0). With these restrictions on the coefficients (b > 0, w > 0, and ¢ < —
V/|b|b") and the stability condition (i.e. positive definiteness of the second deriv-
atives of F with respect to m and £), the two possible phase diagrams in r — r'
plane which include the trigger first order transition line were plotted in Figure 1
¢) and d) of Reference 6 corresponding to b > 0 and b < 0, respectively. Of course,
the free energy expression for the trigger first order phase transition in columnar
liquid crystals may not have the exactly same form as given in Equation 1. For
example, we usually need to deal with multi-component order parameter in D-
dimensional irreducible space (D > 1). However the asymmetric model still makes
sense if the orientation of the order parameter in its irreducible space can be
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determined first in the process of minimizing the free energy. The P6/mmm-P321
and P6/mmm-P2,/a transitions in columnar liquid crystals are selected in this paper
as two examples to demonstrate such an approach.

To handle a symmetry breaking phase transition following Landau theory,”® one
should first identify the symmetry group of the high temperature phase.

3. P6/mmm-P321 AND P6/mmm-P2,/A PHASE TRANSITIONS

Although the correct symmetry group of the D,, columnar system has been clas-
sified as a semi-direct product of a translational subgroup 7, = R X Z% and a
point group Dg,,? it can often be suitably treated as a space group P6/mmm if the
continuous translational symmetry along the column axis is frozen through the
transition. This will limit our discussion so that we are unable to include some
special phases (e.g. helicoidal structure).

As in Reference 10, we first introduce a tensor density function Q(r). Near the
transition in the low temperature phase

Q(r) = Q,(r) + 3Q(r), @
where Q,(r) is invariant under G, (P6/mmm). 3Q(r) can be expanded as
8Qy(r) = 2 Tp®,, (1), (3)

n,o

where @, (r) is the ath basis function of the nth irreducible representation of G,,.
The subscripts i and j in 77> correspond to its transformation properties in real
space. Also T}~ is a “‘vector” in the nth irreducible space of G, spanned by {®,,(r)}.
Under a symmetry operation g; € G,, the transformation properties of 3Q,(r) in
the irreducible space can be equivalently considered by rotating either the basis or
the vector Tj*. If one takes the latter view, T;* will transform according to the
direct product of the tensor representation 'Y’ (which is a 6-D representation) and
the nth IR I'™.'° The entire independent set {77} will support a reducible rep-
resentation of G,, I'Y, i.e.,

I = TP QT™. (4)

For a space group, the nth IR should be assigned by two indices, a wave vector
k (which may generate a star contribution) and an IR 7,(k) for the group of k.
When k is given, we take the following 7,(k) to have the meaning given in Kovalev’s
table.! For simplicity, we will use 7, in stead of 7,(k) hereafter. Then

8Qu(r) = 2 Th™" By, o(r). (5)

k,p,a

So far we have not neglected anything yet in expanding 8Q(r). According to
the Landau theory of phase transitions, not all the IRs of G, are relevant to a
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given transition. For the problems under the considerations, at least the low tem-
perature phase should continue to have a periodic structure. So only these wave
vectors located at some high symmetry points in the first Brillouin zone are of
interest. For example, to obtain the low temperature phase with the unit cell
doubled (P2,/a phase) or quadrupled (P321 phase), we just need to take into account
k = k, = 0and k = k; = b,/2 (b, is the primitive vector of the reciprocal lattic’).
Therefore the summation over k in Equation 5 leaves two terms only, i.e.

3Qy(r) = E TE‘"T"’“ cho-rp,a(r ) + 2‘3 T}}"""‘ q)krra,B(r)' (6)

P

However the summation over p (or o) still involves too many irrelevant IRs. For
the P6/mmm-P321 transition, we find that the related IRs come from T}">* and
T¥m>. So, the final expansion of Qur) is of the form

3
Qy(r) = T ug(r) + 2 Ty uis(r) cos (k, * ). Q)
a=1

In Equation 7, the base function ® has been put into a more explicit form:
B75(1) = W(r), Py npa = U, cos(k, - 1), Where ugo(r) = hous(r); ug (r) and
ugs(r) are the basis of the IRs for the group of k, and k; respectively, and they are
invariant under the translational sub-group of G,; k;, k,, and k; represent the three
wave vector star; and A,(a = 1,2,3) has the meaning of Reference 11. We dropped
the o index in T%" because I'*™ is a 1-D IR. The non-equilibrium free energy
now is totally determined by {T%™} and {T%"**}, which span a 6-D and an 18-D
reducible representation space, respectively. For the P6/mmm space group, these
two spaces are automatically block diagonalized if we group T); as (Tyq, Ty, T1,);
(T3, T»3); and Ts;. In other words, each of the original reducible spaces is divided
into several independent sub-spaces. Thus all the possible IRs of P6/mmm con-
structed by {T¥™°} can be relatively easy to obtain by a linear combination of
T within each sub-space. To select the IRs relevant to the P6/mmm-P321 tran-
sition, we focus on two of the sub-spaces. One is spanned by {T%=, T5P} (o,
= 1,2,3), and the other, by T%, T%™, and T%*. The projected IRs and the
corresponding basis from these two sub-spaces are

1
I‘ko'rs: nko'rs — % ( Tlltcl.'rs lecgrs) (8)
1
[ mfer = L(Th — T8 + 27%) (9a)
1 ,
g = (T — T — 2T4) (%)

1 .
k. glln-rz — E(\/ngl%Té,l + T|2‘576,1) (10“)
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K2 = iy (10b)
g = 2 (VATHS — The) (100
[hrms, ghame = %(Tl{{rs,l — 3Tl (11a@)
e = Thym2 (11b)
gore = (T + V3TY?) (110

Among the four IRs, I'*™ and I'**2 will be seen later to be responsible for the
P6/mmm-P321 phase transition. Another of the two IRs (I'*™ and '**?) and the
IRs from the other sub-spaces are assumed to be irrelevant to the transition and
are discarded in constructing the non-equilibrium free energy. Thus we have

1 1 1 1 1 1 1
=2 + =hnt + —wm® + = E2 + '€ + =y (84 4 4 S22
F 2"‘ +4bn +6wn +2r§ 4u§+4v(§1+§2+§3)+20§n (12)

where £ = & + & + &, and the simplified notation m for n*™ and ¢, for gom
have been adopted. The fact that no cubic invariants appear in F and that the only
lowest order coupling term is 3m?2 are based on the symmetry analysis for P6/
mmm group. These conclusion therefore possess a rigorous meaning. The term
V(& + & + &) in F uniquely determines the orientation of the order parameter,
{&}, in its irreducible space, and can further be rewritten as 3 v'&(y{* + v5* +
¥4 if one introduces & =¢&y/. The orientation parameters vy;, v5, and v; can
be first determined by minimizing F with respect to v} subject to the condition
vi2 + v52 + v5* = 1. The results are (1) (vi%, v, v5°) = (1, 0, 0), (0, 1, 0), or
(0,0, 1) if v < 0. (2) (vi2, v5%, ¥4 = (13, 1/3, 1/3), if v/ > 0. Apparently in
either case, when we substitute these results to Equation 12, the free energy will
have the same form as that in Equation 1 if one notices b’ = u' + v’ in case (1)
and b’ = u' + v'/3 in case (2). When b’, w > 0, and ¢ < —V/[b[b’ a trigger first
order (O-III) phase transition line will be allowed to exist (see Figure 1 c) and d)
in Reference 6). In either case, phase I is always the P3m1 phase with the unit cell
size unchanged. However the symmetry pattern of phase II (and therefore of phase
1II) is different for case (1) and case (2). To reach the 4-sublattice P321 phase
through the trigger first order transition, one must take case (2). Then phase II
has a 4-sublattice structure with P622 symmetry. Now the symmetry group for
phase IIT (4-sublattice P321 phase) is merely the intersection of P622 and P3m1.
The criterion for checking these conclusions is to explicitly give the equilibrium
form of 8Q(r) and to determine the surviving subgroup of G, under which 3Q(r)
is invariant. The equilibrium tensor density functions for phases I, II, and IiI can



Downloaded by [Tomsk State University of Control Systems and Radio] at 10:17 19 February 2013

60 Y. F. SUN AND J. B. SWIFT

be easily solved for by putting

leoTS = 1, Tl&(m - g;_n'rz = gl]:rm = () Phase 1
1
,nka-rs = ngﬁn’ﬂ) = g}uu = 0, gl]u'rz = glzu-rz = ggrrz = %g Phase I
1
T]ko 5 — m, &Ilu 2 — glzu 2 = 13(1 2 = __\_/__3_ g’ ,n!‘n‘l'g = g}un = Phase 111

into Equations (8) through (11). Substituting each set of the solution into Equation
(7), we have

1 00
5QI(r) = \2n (o i 0) w2 (r) (13)
0 0 0
1
0 0 2
s =l 0 0 3= | wm costi, 1)
T T
2 2\3

1

0 2
1
+ & 0 0 7 3 uis (r) cos(k, - 1) (14)
1

1
253
0 0 0
1
+ & 0 0 % uts, (r) cos(ks - r)
1
0 v 0
3Q"(r) = 8Q/(r) + 8Q“(r) (15)

In Equations (13), (14), and (15), we did not insert the explicit expressions for
the equilibrium values of £ and m. These do not matter if we are only interested
in the symmetry properties of 3Q/(r), 8Q*(r), and 5Q*(r). However one should
understand that Equation (15) can only be formally written as the sum of 3Q(r)
and 3Q“(r), and the expressions for the equilibrium values of n and £ in Equation
(15) are different from that in Equation (13) and Equation (14).% Acting with all
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the symmetry operations g; € G, (P6/mmm) on 8Q/(r), 8Q"(r), and 3Q"(r), and
following the rule given by Equation (1) of Reference 5, it is not difficult to check
that the surviving sub-group in these three cases is P3m1, P622, and P321 respec-
tively.

As for the P6/mmm-P2,/a phase transition in columnar liquid crystals, we do not
present the details because it has been previously discussed by the authors.> Here
we just show how this phase transition may be put into the same frame work as a
trigger first order phase transition for an asymmetry model. This approach will
solve the problem in a more complete way. We directly read off the non-equilibrium
free energy from Equation (2.5) of Reference 5:

E: 4 ! 6 1,2 1!4
v} n + -wn® + =r'& + -u'
(16)

where {n;} and {£} transform according to the IRs I'**™ and I'*5; and k, generates
a three arm wave vector star. Due to the coupling term ¢,23_, m?€2, we now can
not independently determine the orientation of each order parameter set in its own
irreducible space, but have to adjust their orientations simultaneously by mini-
mizing va'(yt + ¥2 + ¥} + VE(Y? + v+ ) + o8 (v + vy +
v3y5%) with respect to {y;} and {y} subject to the conditions v} + v3 + v = |
and vi2 + 32 + v3* = 1. The problem may turn to be complicated if there exist
several stable solutions. Considering the 2-sublattice structure of the P2,/a her-
ringbone phase, it requires v, v', and ¢, < 0. Fortunately, under this condition the
only stable orientations for both {n} and {&} are (v3, v3, v3; vi% v3%, v¥) =
0,0,1;0,0, 1), (0,1,0; 0,1, 0), and (0, 0, 1; 0, 0, 1).5 Putting these solutions
back into Equation (16), Fwill again have the same form as that in Equation (1)
ifwedenoteu + v =>5b,u’ +v =b',andc; + ¢, = ¢. Then if b, w > 0, and
c < —V/Iblb’,1 a trigger first order phase transition line will exist in the first
quadrant in the r — 7' plane (i.e. r, ¥ > 0). In our previous paper,’ we assumed
b < 0, this corresponds to Figure 1 c) in Reference 6. In fact, for b > 0 but ¢ <
—V/bb’, a trigger first order phase. transition from phase O to phase III is still
available as shown in Figure 1 d) of Reference 6. Phase I and Phase II in this
model are Figure 2a and Figure 3a in Reference 10. Phase III is the P2,/a her-
ringbone phase. The details of the symmetry analysis for the P6/mmm-P2,/a (D,
— D)) transition can be found in Reference 3.

4. DISCUSSIONS
(1) For either the D, ;-4 sublattice P321, or D,,-2 sublattice P2,/a phase transition,

our model free energy (Equation 12 or Equation 16) supplies a reasonable first
order transition mechanism and a perfect fit to the low temperature symmetry

$The condition ¢ < 0 given in Reference 5 should be replaced by the condition given here.
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patterns. However the theoretical approach given in the text predicts two possible
phase diagrams corresponding to Figure 1 c¢) and d) in Reference 6 which can not
be uniquely determined according to the experimental results reported so far.! 3
In some temperature range, these phase diagrams also predict direct O-I and O-
II phase transitions. For the materials to have the trigger transition behavior ob-
served, a significant difference will be seen if their direct O-1 and O-II transitions
can be found. For the case of Figure 1 ¢} in Reference 6, both O-I and O-II
transitions are the second order. On the other hand, for the case of Figure 1 d),
the O-11 transition is the second order, while the O-I transition is the first order.
This can be used as the criterion to determine the sign of the coefficient b in
Equation (12) and Equation (16).

(2) The technique developed in Reference 5, Reference 10, and this paper can
also be invoked to discuss a number of possible low temperature phases reached
through a second order phase transition if the transition stems from orientational
symmetry breaking and is associated with only one IR of the high temperature
symmetry group. For example, the in-plane symmetry breaking of the D, phase
associated with IR I'™™ due to the orientational order of the disc-like molecules
will lead to either the 2-sublattice Pbam phase® or 4-sublattice P6/m phase de-
pending on the coefficients ¥ and v. Forv <0, u + v > 0, the stable low temperature
phase is 2-sublattice Pbam phase (see Figure 2 in Reference 9). The relative mo-
lecular orientation in the two different sublattices are perpendicular to each other.
If a spontaneous strain effect is allowed for, we predict a change of the relative
molecular orientation (see Equation (16) in Reference 9). Following the same
procedure as in Reference 9 and in section 3 of this paper, it is not difficult to
deduce the equilibrium low temperature tensor density function for v > 0, and u
+3>0:

S T
2 2V3
Q) =m] _ 11 o | cos(k, - r)
2V3 2
0 0 0
1
1
+nl = cos(k, - 1) an
3 0 0 2
0 0 0
R U
2 2V3
1 1
+nl - - Z cos(k; - r).
3 2 ’
0 0 0
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Apparently, we have 3Q(r) = 0 atr = 0, i.e., the molecular orientation atr =
0 remains the same as that in the high temperature P6/mmm phase. The relative
orientations of the six nearest neighbours around the origin can be easily determined
from Equation (17). It will give the same symmetry pattern as Figure 3 in Reference
12, which gives 4-sublattice P6/m phase. To date no such second order phase
transition has actually been observed in the D, columnar liquid crystals.
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